Abstract. The paw graph consists of a triangle with a pendant edge attached to one of the three vertices. We obtain a multigraph by adding exactly one repeated edge to the paw. Now, let D be a directed graph obtained by orientating the edges of that multigraph. For 12 of the 18 possibilities for D, we establish necessary and sufficient conditions on n for the existence of a (K * n , D)-design. Partial results are given for the remaining 6 possibilities for D.
The complete graph of order n with a hole of size t, denoted K n \ K t , is the graph with vertex set V and edge set { {a, b} : a ∈ V, b ∈ V \ U, a = b } where |V | = n, * n , the complete digraph of order n, is the digraph on n vertices with the arcs (u, v) and (v, u) The spectra for several digraphs of small order have been determined. This includes the spectra for all digraphs on at most 3 vertices [13] , all bipartite digraphs on 4 vertices with up to 5 arcs [8] , and the orientations of a triangle with a pendent edge [6] .
The paw graph consists of a K 3 with a pendant edge. We obtain a multigraph when we replace one edge in the paw with a double edge (resulting in one of three non-isomorphic multigraphs). The spectra for these multigraphs are found in [7] . In this paper, we extend the known results on small digraphs by determining the spectra for the orientations of two such multigraphs ( Figure 1 ) and by giving partial results on the orientations of the remaining multigraph ( Figure 2 ). The digraphs under investigation are shown in Figures 1 and 2 along with a key that denotes a labeled copy of each of the 18 digraphs. We use the naming convention found in An Atlas of Graphs [14] by Read and Wilson. For example, D68[w, x, y, z] refers to the digraph with vertex set {w, x, y, z} and arc set (x, w), (x, y), (x, z), (z, x), (z, y) . The fact that K * n ∼ = Rev(K * n ) leads to the following corollary:
Note that 16 of the 18 digraphs of interest in this paper occur in pairs with respect to their reverse orientations. Namely,
The other 2 digraphs in this paper are reverse orientations of themselves. Namely, D83 ∼ = Rev(D83) and D98 ∼ = Rev(D98).
The following theorems on decompositions of complete graphs and complete multipartite graphs are used extensively in proving our main results. Note that these background results concern graphs, as opposed to digraphs. All of these results can be found in the Handbook of Combinatorial Designs [9] (see for example [1] and [10] ). 
The following is a well-known result that is a special case of Wilson's Fundamental Construction (see [12] ).
EXAMPLES OF SMALL DESIGNS
We now turn our attention to the designs of small order which will be used for the general constructions.
Given a digraph represented by the notation D[a, b, c, d] and some
Applying Corollary 1.3, we obtain the remaining designs. 
Example 2.2. There exists a (K
Since a (K * Proof. Let D ∈ {D68, D71, D72, D73, D78, D79, D80, D81, D82, D83, D88, D93, D94, D95, D96, D97, D98, D103} and let n = 5x + 1 for some positive integer x. When x is 1, 2, or 6, the result follows from Examples 2.2, 2.4, and 2.13 respectively. The remainder of the proof breaks into three cases. Case 1. x ≡ 0 or 1 (mod 3) with x ≥ 3 and x = 6. By Theorem 1.6 there exists a {K 3 , K 4 }-decomposition of K x . Thus, by Theorem 1.9, there exists a {K 3×5 , K 4×5 }-decomposition of K x×5 . Note that
Thus, 
Thus,
Since there exists a (K * 
The spectrum problem for digraphs of order 4 and size 5 27 Thus,
Since there exists a (K * Proof. Let D ∈ {D71, D73, D78, D79, D82, D83, D93, D94, D98, D103} and let n = 5x for some positive integer x. When x is 1, 2, or 6, the result follows from Examples 2.1, 2.3, and 2.12, respectively. The remainder of the proof breaks into three cases similar to those of the proof of Theorem 3.1. We proceed in a similar fashion to the proof of Theorem 3.1 with the exceptions that in Case 1 we now have
in Case 2 we have
and in Case 3 we have , there must exist a copy of D68 in the design with a vertex whose outdegree is 1. However, this is a contradiction since there are no vertices in D68 with an outdegree of 1. Therefore, a (K * 5 , D68)-design does not exist, and by Corollary 1.3, a (K * 5 , D97)-design does not exist. Let n = 5x for some integer x ≥ 2. When x is 2, 3, 6, or 7, the result follows from Examples 2.3, 2.11, 2.12, and 2.14, respectively. The remainder of the proof breaks into two cases. * .
